Surface charges and fields in stationary conductors with steady currents AIP Conf.
The potential, electric field and surface charges for a resistive long straight strip carrying a steady current 
I. THE PROBLEM
Recently there has been renewed interest in the electric field outside stationary resistive conductors carrying a constant current. [1] [2] [3] [4] [5] [6] [7] We consider a case that has not been treated in the literature, namely, a constant current flowing uniformly over the surface of a stationary and resistive straight strip. Our goal is to calculate the potential and electric field E everywhere in space and the surface charge distribution along the strip that creates this electric field.
We consider a strip in the yϭ0 plane localized in the region ϪaϽxϽa and ϪᐉϽzϽᐉ, such that ᐉӷaϾ0. The medium around the strip is taken to be air or vacuum. The constant current I flows uniformly along the positive z direction with a surface current density given by KϭIẑ /2a ͑see Fig. 1͒ . By Ohm's law this uniform current distribution is related to a spatially constant electric field on the surface of the strip. In the steady state this electric field can be related to the potential by EϭϪٌ. This relation means that along the strip the potential is a linear function of z and independent of x. The problem can then be solved by finding the solution of Laplace's equation ٌ 2 ϭ0 in empty space and applying the boundary conditions.
II. THE SOLUTION
Due to the symmetry of the problem, it is convenient to use elliptic-cylindrical coordinates ͑, , z). 8 These variables can take the following values: 0ррϱ, 0рр2, and Ϫϱрzрϱ. The relation between Cartesian (x, y, z) and elliptic-cylindrical coordinates is given by
where a is the constant semi-thickness of the strip. 
where ␣ 2 and ␣ 3 are constants. For a long strip being considered here, it is possible to neglect boundary effects near zϭϮᐉ. It has already been proved that in this case the potential must be a linear function of z, not only over the strip, but also over all space. 9 This condition means that ␣ 3 ϭ0. 
The electric field EϭϪٌ takes the following form:
To find the surface charge density, we utilized the approximation close to the strip (͉x͉Ͻa and ͉y͉Ӷa):
͑7͒
The surface charge density (x, z) can be obtained by the standard procedure utilizing Gauss's law ͜ S E"daϭQ/ 0 , where 0 is the vacuum permittivity, da is a surface area element pointing outward normal to the surface in each point, and Q is the total charge inside the closed surface S. The surface charge density is then obtained by considering the limit in which ͉y͉→0 in Eq. ͑7͒ and a small cylindrical volume with its length much smaller then its diameter, yielding: ϭ⑀ 0 ͓E(yϾ0)"ŷ ϪE(yϽ0)"(Ϫŷ )͔. If we use Eq. ͑7͒, the surface charge density is found to be given by
III. DISCUSSION
In the plane yϭ0 the current in the strip creates a magnetic field B that points along the positive ͑negative͒ y direction for xϾ0 (xϽ0). This magnetic field will act on the conduction electrons moving with drift velocity v d with a force given by qv d ϫB ͑see Fig. 2͒ . This force will cause a redistribution of charges along the x direction, with negative charges concentrating along the center of the strip and positive charges at the extremities xϭϮa. In the steady state this redistribution of charges will create an electric field along the x direction, E x , that will balance the magnetic force, namely, ͉qE x ͉ϭ͉qv d B͉.
We have disregarded this Hall electric field because it is usually much smaller than the electric field giving rise to the current. 10 To estimate the orders of magnitude involved, it is easier to consider the current I flowing uniformly in a long cylinder of length 2ᐉ and radius a along the positive z direction coinciding with the axis of this cylinder. This current generates a cylindrical magnetic field given by ͑at a distance rϽa from the axis͒ Bϭ 0 Ir /2a 2 indicates that there is an electric field not only along the resistive strip carrying a constant current, but also in the space surrounding it. Jefimenko has peformed some experiments that show the existence of this external electric field. The geometry of his first experiment, 12 reproduced in plate 6 of Ref. 13 , is equivalent to what has been considered here: a two-dimensional conducting strip made on a glass plate using a transparent conducting ink. To compare our calculations with his experimental results, we need the values of A 2 /A 1 and A 4 /A 3 . We take A 2 /A 1 ϭ3.6 and A 4 /A 3 ϭ0. The condition A 4 /A 3 ϭ0 corresponds to the symmetrical case considered by Jefimenko in which the electric field is parallel to the conductor just outside of it at zϭ0 ͑zero density of surface charges at zϭ0).
We first consider the plane orthogonal to the strip, xϭ0. In this case the potential reduces to
The lines of the electric field orthogonal to the equipotentials can be obtained by the procedure in Ref.
14. These lines are represented by a function such that ٌ•ٌϭ0. Equation  ͑11͒ , together with the value of obtained above, yield the value of given by
A plot of Eqs. ͑11͒ and ͑12͒ is given in Fig. 3 . We now consider the plane of the strip, yϭ0. The potential reduces to
When there is no current in the strip, the potential along it is a constant for all z. From Eq. ͑13͒ this condition implies that A 3 ϭ0. This value of A 3 in Eqs. ͑5͒, ͑6͒, and ͑8͒ reduces these equations to the known electrostatic solution of a strip charged to a constant potential. 15 By a similar procedure, the lines of electric field for the plane yϭ0 are given by
͑16͒
A plot of Eqs. ͑13͒-͑16͒ is presented in Fig. 4 . num foil͒ for end walls and semi-conducting side walls ͑graphite paper strips͒ carrying uniform current was used. Eighty volts were applied to the electrodes and the equipotential lines were mapped utilizing a radioactive alpha source to ionize the air at the points where the field was to be measured. The alpha source acquired the same potential as the field at those points and the potential was measured with an electronic electrometer connected to the alpha source. In One reason is that our calculations are for a two-dimensional geometry, while the experiment in Ref. 16 was performed in a three-dimensional rectangular chamber. The second reason is that in the grass seed experiment 12 the ratio of the length to the thickness of the conductor was 7, but in the second experiment 16 this ratio was only 2.3, which means that boundary effects near zϭᐉ and zϭϪᐉ are more important. These boundary effects were not considered in our calculations.
One of the main aspects of this work is that we succeeded in finding a theoretical model yielding reasonable results which were compared with two different experiments already published in the literature. As discussed above, these experiments mapped the electric field lines and the equipotential lines inside and outside the regions of steady currents in conductors. The geometry considered here had never been dealt with in this problem before. In order to obtain this result it was necessary to use elliptic-cylindrical coordinates (, , z). The general solution for the potential in terms of these variables is reasonably simple, namely, ϭ(A 1 ϪA 2 ) (A 3 zϪA 4 ) . When expressed in terms of the usual Cartesian coordinates (x, y, z) the solution takes the complicated form of Eq. ͑5͒. We could not obtain this solution working only with cartesian coordinates. In this problem the pure cylindrical coordinates are not so practical as well. The situation described here shows an important example of the usefulness of the elliptic-cylindrical coordinates in dealing with reasonably simple problems of physics.
